Abstract
INTRODUCTION
Research in the area of vehicle dynamics has progressively become more systematic and intensive since the early sixties. Mathematical modeling has become an important step to understand the underlying dynamics of the system. The development of computers has provided the computational power to have high fidelity models of real systems. Multibody dynamics (MBS) [1] , Finite Element Method (FEM) [2] etc. are widely used in mechanical design and analysis.
Vehicle ride quality is considered to be one of the most important parameters to evaluate the performance of a vehicle. The designer has to achieve good ride comfort for the driver and passengers with acceptable control of body attitude and adequate control of dynamic tyre loads within the constraint of having a restricted amount of suspension working space available. These issues are classified as 'primary ride' and are studied with the help of mathematical models [3] . Some of the most popular and simple models are-quarter car model [4] , two dof half car model [4] , four dof half car model [5] and seven dof ride model [3] . These models consider the sprung masses and unsprung masses as rigid bodies. However, in reality the chassis is flexible and its flexibility needs to be considered to completely understand the dynamics. Vehicle ride models which have incorporated the flexible chassis are based on flexible multibody dynamics [6] . Finite element method is used to model the sprung mass as a flexible beam or as a flexible plate [7] . Some models use model reduction techniques to reduce the order of these models [8] . These models [6, 7, 8] are based on numerical simulation and do not have a close form solution.
This paper presents an analytical model considering the sprung mass as a flexible beam on a spring damper system at the front and rear. A flexible beam system has infinite degrees of freedom. However, the variables of interest in this context are -the overall translation and rotation of the beam. Hence, this model also has two degrees of freedom -bounce and pitch like the conventional two dof half car model [4] , which is the rigid body counterpart. Euler beam theory [9] is used to model the beam and Lagrangian mechanics [10] along with the concept of tracking frame [11] is used to derive the equations of motion. The conventional two dof model will be referred to as 'rigid two dof model' and model developed in this paper will be referred to as 'flexible two dof model'. The results are validated by finite element and experimental results. A comparison between both the models in time domain and frequency domain is presented and the differences are discussed. The paper is organized as follows: Section 1 contains the vehicle models. Finite element modeling of a flexible beam is explained in Section 2. Section 3 presents the results and discussion, followed by summary in Section 4.
VEHICLE MODELS
The two vehicle models compared in this paper viz. the rigid two dof model and the flexible two dof model, which are presented below. 
RIGID TWO DOF MODEL
A schematic of the rigid two dof model is shown in Figure 1 . This model does not consider the sprung mass and unsprung mass to be distinct. It has one combined mass (m s ) which represents half of a vehicle supported on front (k 1 and c 1 are the front suspension stiffness and damping respectively) and rear suspension (k 2 and c 2 are the rear suspension stiffness and damping respectively). The springs and dampers are considered to be at the extreme ends. The two degrees of freedom are -vertical displacement of the chassis (x s ) and the pitching motion (φ). The distance of the centre of gravity (CG) from the front (l 1 ) and rear axle (l 2 ) are used to write the displacements of the front and rear end as well as moment arm for the moment equation (J is the moment of inertia). The inputs to this model are the road excitations at the front (x rf ) and rear (x rr ). The main assumptions of this model area) Unsprung mass is not considered. b) Sprung mass is considered to be a rigid body. c) The linear suspension spring and viscous damping is assumed. d) Springs and dampers are considered to be at the ends. e) Small pitch displacement.
The equations of motion are -
where, 
FLEXIBLE TWO DOF MODEL
A schematic of the flexible two dof model is shown in Figure  2 . This model considers the sprung mass as an Euler beam supported on a spring damper system at the front and rear end of the beam. The main assumptions of this model area) Unsprung mass is not considered. b) The beam is considered to undergo planar motion and there is only in-plane bending. c) The beam is made of homogeneous material. d) Linear suspension spring and viscous damping is assumed. e) Small pitch displacement. f) The extension of the spring due to the different vibration modes has been neglected. The expression for potential energy of the spring is written considering the rigid body mode of vibration only.
In Figure 2 , the coordinate system n is an inertial reference frame whereas the coordinate system b is a body fixed frame system. 
__________________________________________________________________________________________
Using small angle approximation sin ,cos 1 θ θ θ ≈ ≈ and neglecting the nonlinear terms the velocity of point P in the body frame is given by equation (3).
The kinetic energy of the beam (T) can be expressed as
where m is the mass of the beam and 
According to the Extended Hamiltonian principal [10] , where, L is the Lagrangian and W nc is the non-conservative work [10] and L T U = − . The Rayleigh term, R is given by [10] as ( )
where, q is the generalized coordinate. The generalised coordinates for this system are -, , y v θ . Using these generalised coordinates and equation (7), the governing dynamical equations of the system under consideration is given by equation (8) to (10).
( ) (5)) and Rayleigh term (equation (6)). The modified potential energy expression for general spring-damper location is -
The modified Rayleigh term is-( )
Using equation (4), (11), (12) and (7), the new set of governing equations of motion can be obtained. Henceforth, this work would consider the case of 1 2 0 and 0
The natural frequencies and mode shapes are obtained by solving the free vibration problem, hence, the damping and base excitations are not considered. The damping is neglected as the quantities of interest are the undamped natural frequency and its corresponding mode shapes. To determine the mode shapes and natural frequencies, let 
Using equations (13) to (15) in (8) to (10), neglecting the damping and base excitation along with the substitution,
Using equation (19) in (18),
where,
The general solution of equation (20) , ,
Substituting the following expression in equation (17) and using equation (19),
where, where, D is a 6 6 × matrix described below. The detailed steps are 
Equations (24) to (29) can be written in the form of equation (23) where, 
To ensure non trivial solutions the determinant of the coefficient matrix D has to be zero. This gives the values of k corresponding to the natural angular frequencies of the system. Using these values of k and assuming 1 1 a = , the other unknowns in x can be obtained, which can then be used to compute the mode shapes using equation ( 
Using equation (31) in (10), multiplying both sides by W(x) and integrating between 0 to L,
The equations (32) to(34) can be re-written in the standard form as in equation (1) 
FINITE ELEMENT MODELING
Finite element method has been used to calculate the natural frequency and its associated modes of the flexible beam supported by two springs at the both ends. The damping is not considered for finite element analysis. The elemental equations of stiffness and mass matrices have been derived for bending motion of the beam assuming Euler-Bernoulli bending theory [13] . Figure 3 shows slender beam supported by two springs at both ends. The beam is discretized with (N-1) two noded elements generating N nodes. Figure 4 shows any arbitrary element with the two degrees of freedom per node. In Figure 4 
where E is the Young's modulus, I is the flexural moment of inertia and the l is the length of the finite element.
The elemental spring and mass matrices of each element are derived and assembled to give the complete equation of motion. The complete equation of motion can be written as 
where eval gives the squares of the natural frequencies and evac gives the corresponding mode shapes.
RESULTS AND DISCUSSION
A comparison between the rigid and the flexible models described in the previous sections is presented here. The numerical parameters used for the simulation are tabulated (see Table 3 and Table 4 Table  1 . stiffness at the ends. The parameters of this setup are listed in the appendix (see Table 5 ). The beam is excited with an impulse hammer and two accelerometers are mounted at two points on the beam to capture the response. The impulse hammer and accelerometers are connected to a Data Acquisition System. A picture of the experimental setup is shown in Figure 3 . The first four natural angular frequencies of this beam obtained from the analytical model, FEM and experiment are listed in Table 2 . Figure 4 shows the acceleration frequency response function (FRF) obtained from the experimental setup. Peaks can be observed in this experimentally obtained FRF for frequencies close to the natural frequencies predicted by the analytical model. This is supportive of the analytical solution described in the previous section. However, peaks are also seen for frequencies which are not the natural frequencies e.g., 150 rad/s, 402 rad/s etc. These could be due to the unaccounted structural damping of the system, the cylindrical rods welded at the end part of the beam to hold the springs, non-uniformity of beam etc. The mode shapes of the beam have been obtained using the analytical model and finite element method. Figure 5 shows the shape function i.e., W(x), computed using the analytical method (see Figure 5 (a)) and finite element method (see Figure 5 (b)). The shape functions (W(x)) were chosen instead of the vibration mode shapes (V(x)) because it has effect of both the vibration mode shapes (V(x)) and the pitching motion ( Θ ), and hence it gives a better visualization of the physical scenario of a beam is undergoing transverse vibration as well as pitching motion. it is clear Figure 5 that the shape functions obtained using the analytical model and finite element method are identical. Thus, Figure5 along with Table 1validate the analytical method derived in the previous section. 
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The impulse response function of a dynamic system can be used to compute the response of the dynamic system to any arbitrary excitation using the Duhamel's Integral [12] . Hence, to understand and compare the dynamic response of the models, it is important to analyze the unit impulse response of both the models. The simulation is run for 5 seconds and the first four modes of the flexible two dof model have been considered to compute the time response. Figure 6 shows the bounce displacement (in m) and pitch displacement (in radian) for unit impulse excitation. It is clear from Figure 6 (a) that the rigid two dof model under predicts the bounce displacement (by more than 50%) and has a lower settling time as compared to the flexible two dof model (~ 30%). Referring to Figure 6 (b), the rigid two dof model over predicts the pitch displacement (~ 50%) and has a higher settling time as compared to the flexible two dof model (~ 50%). The pitch response of the rigid two dof model is sluggish as compared to that of the flexible two dof model. It is a common practice in vehicle ride dynamics to study the response of the mathematical models to sinusoidal excitation. Road surface excitation is irregular/random, but it can be expressed as combination of sines and cosines with the help of Fourier Transform. Hence, it is essential to study the response of these models to sinusoidal base excitation. The front end is It can be concluded from Figure 6 and Figure 7 that there are significant differences in the time domain responses of the rigid two dof model and the flexible two dof model. Figure 8 shows the frequency response function (FRF) of the bounce displacement. The FRF of the rigid two dof model (Figure 8 (b)) has been computed by using the transfer function. The same method cannot be used for the flexible two dof model because of the non-linear M and K matrices. The FRF (Figure 8 (a) ) is obtained by solving the time domain system for a sinusoid of amplitude 1 and some angular frequency. The amplitude of the response is then calculated and plotted on the log-log plot corresponding to the angular frequency. 27 points were used to draw this FRF and these discrete points are then plotted to obtain an approximate sketch of the bounce displacement FRF of the flexible two dof model. The points associated with a box in this plot (see Figure 8(a) ) show the peaks corresponding to the four natural frequencies which are absent in the FRF of the rigid two dof model (see Figure 8 (b)). The amplitude ratio predicted by the rigid two dof model is lower than that of the flexible two dof model. The additional modes of the system are responsible for the differences in dynamics of both the models. The flexible two dof model is closer to reality than the rigid two dof model and significant differences are observed between both the models, hence, the flexible two dof model should be used to do initial design calculations and control instead of the rigid two dof model. 
SUMMARY
A modified two dof model which accounts for the flexibility of the chassis by modeling it as a flexible beam is presented it in this paper. Complete set of the resulting dynamics equations are presented. The impulse response and sinusoidal response of the models are compared. The rigid two dof model under predicts the bounce displacement for both the excitation. The rigid two dof model shows a sluggish pitch response as compared to the flexible two dof model to unit impulse. The pitch amplitude predicted by the rigid two dof model is less than that predicted by the flexible two dof model to sinusoidal excitation. The settling time of the impulse response of bounce is lower for the rigid two dof model while for the pitch it is lower for the flexible two dof model. The bounce displacement amplitude ratio FRF of the flexible two dof model exhibits more peaks and higher amplitude ratio. The flexible two dof model is closer to reality as compared to the rigid two dof model, and hence should be used for initial design calculations, simulations and control design. An extension of the current work would be to develop a four dof vehicle ride model with sprung mass at the front and rear. Another work would be to account for tyre flexibility properly instead of considering it as a linear spring. It is important to note that only the first four have been used for simulations and the spring damper system are considered at the ends. The analytical model has been validated using FEM and experiments. 
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